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The equilibrium shapes of vesicles are governed by the general shape equation which is derived
from the minimization of the Helfrich elastic free energy and can be reduced to theWillmore equation
in a special case. The general shape equation is a high order nonlinear partial differential equation
and it is very difficult to find analytical solution even in axisymmetric case, which is reduced to a
seconder ordinary differential equation. Traditional axisymmetric shape equation is with the turning
radius as the variable. Here we study the shape equation with the tangential angle as the variable.
In this case, the Willmore equation is reduced to the Bernoulli differential equation and the general
solution is obtained conveniently. We find that the curvature in this solution is discontinuous in
some cases, which was ignored by previous researchers. This solution can satisfy the boundary
conditions for open vesicle with free edges.
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I. INTRODUCTION
Biological membranes are composed of two layers of
phospholipid molecules. In aqueous environment, phos-
pholipid bilayer can forme closed vesicles [1–3] as well
as open vesicles [4]. By Comparing lipid bilayer with liq-
uid crystals, Helfrich pointed out that membranes can be
taken as two-dimensional (2D) surfaces and their equi-
librium shapes are determined by minimization of the
elastica free energy [5]
E =
∫ ∫
[
kc
2
(2H + C0)
2 + kgΛ]dA, (1)
where H , Λ and C0 are the mean curvature, Gaussian
curvature and spontaneous curvature of the surface, re-
spectively. dA is the surface area element, kc and kg are
the bending moduli of the membrane. For close vesicles,
considering the surface area and volume constraints, the
energy functional is
F = E + λ
∫ ∫
dA+ p
∮
dV, (2)
where λ is the surface tension coefficient, p in the pressure
difference between the inner and out of the vesicle and dV
is the volume element of the vesicle volume. By studying
the first variation of δ(1)F = 0, Ou-yang and Helfrich
obtained the general shape equation of closed membranes
[6, 7]
kc(2H + C0)(2H
2 − 2Λ− C0H)− 2λH
+2kc∇2H + p = 0, (3)
where ∇2 is the Laplace-Beltrami operator in 2D case.
The above equation is a high order nonlinear partial dif-
ferential equation and it is very difficult to find analytical
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solution even in axisymmetric, which can be reduced to
a seconder ordinary differential equation. In past two
decades, several special analytical solutions have been
found, such as the Clifford torus [8], discounts [9], the
beyond-Delaunay surface [10] and the general solution
for cylindrical case. All of these solutions are shown in
Ref.[11]. Besides, numeric solutions in axisymmetric case
have been studied extensively and the phase diagram is
obtained [12]. Many interesting non-axisymmetric solu-
tions are obtained by using the finite elemental method
[13, 14].
Moreover, the equilibrium shape equations for multi-
component vesicles, open vesicles with free boundary as
will as vesicle adhesion structures are investigated and
the corresponding shapes are obtained [15–19]. In these
models, Eq. (3) also needs to be satisfied (It needs p = 0
for open vesicles). Therefor, to find new analytic solu-
tions for Eq. (3) is an attractive and challenging work
[20].
Specially, if λ = p = C0 = 0, Eq. (3) is reduced to
the well-known Willmore equation which is used to de-
scribe the equilibrium configurations of thin elastic shell
[21]. Recently, some researchers found an analytical so-
lution for the Willmore equation in the axisymmetric
case [22, 23]. It inspires us to find new solutions for
the equilibrium shape equation (3). Traditionally, the
axisymmetric shape equation for vesicle is with the turn-
ing radius as the variable [24, 25]. Here we give the
shape equation with the tangential angle as the variable.
In this case, the Willmore equation is reduced to the
Bernoulli differential equation and the general solution is
obtained, which is nothing but the new solution recent
works [22, 23]. Meanwhile, we find that the curvature
in this solution is discontinuous in some cases, which is
ignored by previous researchers. We also point out that
this solution can satisfy the boundary conditions for open
vesicle with free edges.
2II. AXISYMMETRICAL SHAPE EQUATION
AND A SPECIAL SOLUTION
For a axisymmetric surface, let the generating line be
around the z-axis and ρ be the turning radius, there are
x = ρ cosφ, y = ρ sinφ, z =
∫
tanψ(ρ)dρ, (4)
where φ is the azimuthal angle and ψ is the tangent angle
of the profile curve. The surface can be expressed as
r = {ρ cosφ, ρ sinφ, z}. (5)
Defining ()′ = d()dρ , we have
2H =
sinψ
ρ
+ (sinψ)′, Λ =
sinψ
ρ
(sinψ)′, (6)
∇2 = cosψ
ρ
[
∂
∂ρ
(
ρ cosψ
∂
∂ρ
)
+
∂
∂φ
( secψ
ρ
∂
∂φ
)]
. (7)
Then the general shape equation is reduced to [25]
2H ′ cosψ + (2H − C0)ψ′ sinψ − λ˜ tanψ
+
η − p˜ρ2
2ρ cosψ
− tanψ
2
(2H − C0)2 = 0 (8)
where η is an integral constant, λ˜ = λ/kc and p˜ = p/kc.
The above is a seconder order nonlinear differential equa-
tion with the variable ρ. Although it is very difficult to
be solved generally, several analytic solutions were found
[11].
Now, let us consider another way to express this equa-
tion by using the tangential angle ψ as the variable.
Defining ρ˙ = dρdψ , we have ()
′ = d()dρ =
d()
dψ
dψ
dρ =
1
ρ˙
d()
dψ
and
2H =
sinψ
ρ
+
cosψ
ρ˙
, Λ =
sinψ cosψ
ρ˙ρ
, (9)
∇2 = cosψ
ρ
[
1
ρ˙
∂
∂ψ
(ρ
ρ˙
cosψ
∂
∂ψ
)
+
∂
∂φ
( secψ
ρ
∂
∂φ
)]
. (10)
The shape equation is changed to
2H˙
ρ˙
cosψ +
1
ρ˙
(2H − C0) sinψ − λ˜ tanψ
+
η − p˜ρ2
2ρ cosψ
− tanψ
2
(2H − C0)2 = 0. (11)
A trial solution can be defined as ρ = exp[f(ψ)]. Substi-
tuting it into above equation we attain[
2p˜e3f secψ − 2e2f(C20 + 2λ˜) tanψ + 2ef(η secψ
+2C0 sinψ tanψ)− (3 + cos 2ψ) tanψ
]
f˙3
−4 cos2 ψf¨ − sin 2ψf˙ = 0. (12)
If p˜ = λ˜ = C0 = η = 0, the above equation should be
the axisymmetric Willmore equation. Meantime, it is
reduced to the following Bernoulli differential equation
(3 + cos 2ψ) tanψf˙3 + 4 cos2 ψf¨ + sin 2ψf˙ = 0. (13)
This equation has following general solution
f˙−2 = −2e2
∫
P (ψ)dψ
[ ∫
Q(ψ)e−2
∫
P (ψ)dψdψ − I
2
]
= tan2 ψ + I secψ, (14)
where P (ψ) = 12 tanψ, Q(ψ) = − (3+cos 2ψ) sinψ4 cos3 ψ and I is
an integral constant. Then we obtain
ρ = ρ0 exp
(
±
∫
dψ√
tan2 ψ + I secψ
)
, (15)
where ρ0 is an integral constant. This solution was ob-
tained by using the Noether theorem in a recent work
[23]. Considering tanψ = dzdρ , we obtain
dz
dψ
=
dz
dρ
dρ
dψ
=
±ρ√
tan2 ψ + I secψ
tanψ. (16)
Making use of dzdρ =
1
ρ˙
dz
dψ and
d2z
dρ2 =
1
ρ˙2
d2z
dψ2 − ρ¨ρ˙3 dzdψ ,
the above equation is changed to the following Willmore
equation [22]
d2z
dρ2
= ±1
ρ
[(dz
dρ
)2
+ 1
]√√√√(dz
dρ
)2
+ I
√(dz
dρ
)2
+ 1. (17)
By solving this equation, one can get Willmore surfaces.
Several example shapes were shown in Refs. [22, 23].
However, we will see that the curvature on these shapes
is discontinuous in certain cases.
III. DISCONTINUITY OF CURVATURE ON
AXISYMMETRIC WILLMORE SURFACES
In Eq. (17), the “±” indicates that the solution has
two parts. Defining
Y =
1
ρ
[(
z′
)2
+ 1
]√(
z′
)2
+ I
√(
z′
)2
+ 1, (18)
for part I we have z = z1(ρ) and z
′′
1 = Y and for part
II we have z = z2(ρ) and z
′′
2 = −Y . Because Y ≥ 0,
we have z′′1 ≥ 0 and z′′2 ≤ 0. This result determines the
concave and convex configurations of z1(ρ) and z2(ρ).
An example is shown in Fig. 1, where part I is concave
and part II is convex. Refs. [22, 23] shows several shapes
with concave and convex parts in a solution. According
to our analysis, each shape is possibly the combination
of the z1(ρ) and z2(ρ) parts. If so, the continuity of this
solution on the combination point needs to be discussed.
Making use of Eqs. (9) and (18), the mean curvature H
and H ′ are
H1 =
z′
[(
z′
)2
+ 1
]
+ Y ρ
2ρ
[(
z′
)2
+ 1
]3/2 , H2 = z
′
[(
z′
)2
+ 1
]− Y ρ
2ρ
[(
z′
)2
+ 1
]3/2 ,(19)
H ′1 = H
′
2 = −
Iz′
4ρ2
. (20)
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FIG. 1: A concave curve (part I) and a convex curve (part II)
connect at point p.
where the foot note 1 and 2 are corresponding to part I
and part II, respectively. Supposing that the combination
point satisfies ρ = ρa, shape equation (8) needs z(ρ),
H(ρ), H ′(ρ) and ψ′(ρ) = z′′/(1 + (z′)2) are continuous
at ρ = ρa.
If z′1(ρa) = z
′
2(ρa), we can see H
′ is continuous, while
we cannot make sure H is continuous. Let H1 = H2, we
have
(
z′
)2
+ I
√(
z′
)2
+ 1 = 0. (21)
If I > 0, there is no real solution for z′. Therefor we can
not find a point to combine the concave and convex parts
in a solution in this case. So, the corresponding shapes
in Refs. [22, 23] have discontinuous mean curvature (the
Gaussian curvature also is discontinuous). But if I < 0,
that is possible. Then let z′(ρ1) and z
′(ρ2) be two real
solutions of Eq. (21), we have
z′(ρ1) = −z′(ρ2) = 1√
2
√
I2 − I
√
4 + I2. (22)
It is not difficult to find that H , H ′ and ψ′ are continu-
ous at ρ = ρi (i = 1, 2). Therefor, if the connect point
between the concave and convex parts is at ρ = ρi, the
combined shape is a solution for Eq. (8) without curva-
ture singularity. However, by solving Eq. (17) with con-
dition (22), we find there is nothing but the straight line
solution, which gives the conical surface in 3D case. But
it is not an exact solution for Eq. (8). Fig. 2 shows sev-
eral example shapes with I = −1, z(1) = 0 and different
z′(1). By solving Eq. (21) we get z′ = ±1.272. Choosing
z′(1) = 1.272, we obtain the straight line in Fig. 2. In-
creasing z′(1) will give curved lines with a curvature sin-
gularity. For each curve, part I is concave and part II is
convex. Similar results can be obtained by choosing neg-
ative z′(1). From Fig. 2 we can see that the solution has
asymptotic behaviors. The z′ = z′(ρ1) (or z
′ = z′(ρ2))
1.272
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FIG. 2: Profile curves by solving Eq. (17) with I = −1, z(1) =
0 and different z′(1). The curves have a curvature singularity
at the point ρ = 1 except the strait line with z′(1) = 1.272.
and the z-axis are two asymptotic lines. Therefor, the
solution of Willmore equation (17) with I 6= 0 is either
concave or convex shape. The shapes in previous works
contain concave and convex configurations in one shape
cannot be a solution for Eq. (17), because there is a cur-
vature singularity.
IV. OPEN VESICLE WITH FREE EDGES
Experiments have revealed that there are open vesicles
with free edges and the corresponding shape equations
have been discussed [16, 26]. For open vesicles, the total
free energy is
F =
kc
2
∫
(2H + C0)
2dA+
kg
2
∫
ΛdA+ λA+ γL, (23)
where γ is the line tension of the boundary. In axisym-
metric case, δF = 0 yields the shape equation (8) with
p = 0. Besides, the edges should satisfy the following
boundary conditions
2H − C0 + k˜ sinψ
ρ
= 0, (24)
−σ cosψ 2H˙
ρ˙
+ γ˜
sinψ
ρ
= 0, (25)
1
2
(2H − C0)2 + k˜Λ + λ˜− σγ˜ cosψ
ρ
= 0, (26)
where γ˜ = γ/kc and k˜ = kg/kc. σ = 1 or σ = −1 if the
tangent of the boundary curve is parallel or antiparal-
lel to the rotation direction, respectively. Between these
conditions and Eq. (8), there is the following compatibil-
ity condition [16]
η = 0. (27)
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FIG. 3: Open shape with two free edges. The real line is the
profile curve. Points a and b satisfy the boundary conditions
and the inside shape is in 3D case with this two boundaries.
This condition definitely eliminates the possibility to find
equilibrium lipid membranes which is part of known ax-
isymmetric solution of closed vesicles [16]. However, the
solution in Eq. (15) gives η = 0, which implies it is a
possible solution for open vesicles. When C0 = λ˜ = 0,
conditions (24) and (25) give
k˜ = −1∓ cotψ
√
tan2 ψ + I secψ, (28)
γ˜ρ = −1
2
σI. (29)
Considering that γ is the line tension coefficient on
the one boundary edge, the total line tension is T =
2piργ = −σpikcI, which is in accordance with the result
in Ref. [23]. We note that this solution has two nature
free edges, so it cannot describe the shape of closed vesi-
cles. But we can choose two edges on it to satisfy the
conditions (28) and (29). On one edge we let ψ = ψ1,
ρ = ρ1, γ˜ = γ˜1 and σ = σ1. On another edge we define
ψ = ψ1, ρ = ρ1, γ˜ = γ˜1 and σ = σ2. Then conditions
(28) and (29) yield
cotψ1
√
tan2 ψ1 + I secψ1 − cotψ2
√
tan2 ψ2 + I secψ2
= 0, (30)
σ1γ˜1ρ1 − σ2γ˜2ρ2 = 0.(31)
Eq. (30) gives ψ1 = ±ψ2. Solving the above equations
we obtain open vesicle with free edges. Fig. 3 gives an
example by choosing ρ0 = 1, I = 1 and k˜ = 0.19 in
Eq. 15. For point b there are ψ1 = 1.2, ρ1 = 0.41, σ1 =
1, γ˜1 = −1.21 and for point a there are ψ2 = −1.2, ρ2 =
2.42, σ2 = 1, γ˜2 = −0.21.
According to the former analysis, when I = 1 > 0 the
shape is concave or convex. Fig. 3 satisfies this condition.
Moreover, when I < 0, we find the tangent angle ψ =
ψ(ρ) monotonously depends on the change of ρ, such as
the shapes in Fig. 2. In this case, we only can find one
boundary angel ψ for condition (30). Considering each
solution for Eq. (17) with I 6= 0 has two boundaries,
there should be a free boundary which can not satisfy
the condition (30).
V. CONCLUSIONS
In summary, the axisymmetric Willmore equation and
its solution is investigated in this study. By choosing a
suitable trial solution, this equation can be changed to
the Bernoulli differential equation and the general solu-
tion can be obtained conveniently. Although this solution
has been obtain by previous researchers, the discontinuity
of curvature are ignored. Through this study, we know
that the shape of this solution either concave or convex.
However we cannot connect a concave and a convex parts
in one solution. Considering this solution with two free
edges, it is not suitable to describe the shape of closed
vesicles. However, we can find two edges on it to satisfy
the boundary conditions for open vesicles.
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